
ARTICLE IN PRESS
JOURNAL OF
SOUND AND
VIBRATION
0022-460X/$ - s

doi:10.1016/j.js

E-mail addr
Journal of Sound and Vibration 305 (2007) 151–171

www.elsevier.com/locate/jsvi
A novel way to detect transverse surface crack in a rotating shaft

Ashish K. Darpe

Department of Mechanical Engineering, Indian Institute of Technology Delhi, Hauz Khas, New Delhi-110016, India

Received 8 January 2007; accepted 22 March 2007

Available online 30 May 2007
Abstract

This paper presents a novel way to detect fatigue transverse cracks in rotating shafts. The proposed detection

methodology exploits both the typical nonlinear breathing phenomenon of the crack and the coupling of

bending–torsional vibrations due to the presence of crack for its diagnosis. A transient torsional excitation is applied

for a very short duration at specific angular orientation of the rotor and its effect in the lateral vibrations is investigated.

Wavelet transforms (WTs) is used in revealing the transient features of the resonant bending vibrations, which are set up

for a short duration of time upon transient torsional excitation. Variation of peak absolute value of wavelet coefficient

(of the transient lateral vibration response) with angle at which torsional excitation is applied is investigated. The

correlation of this variation with the breathing pattern of the crack is studied. The sensitivity of the proposed methodology

to the depth of crack is investigated. The detection methodology gives a vibration response signature that closely correlates

with and is very specific to the behaviour of the transverse surface crack in a horizontal rotor. The response features are not

likely to be exhibited by other common rotor faults under similar excitation conditions making the proposed detection

methodology unambiguous. The fact that the rotor is not required to stop and that the detection process is applied for a

rotating shaft with only a short period transient external excitation makes the methodology more convenient.

r 2007 Elsevier Ltd. All rights reserved.
1. Introduction

Fatigue cracks are a potential source of catastrophic failures in rotors. Researchers have put in considerable
effort to develop a foolproof and reliable strategy to detect cracks in rotors. One of the approaches
investigated in detail is the phase and amplitude variation in the 2x component of steady-state (unbalance)
response. Due to the asymmetry of the stiffness due to the existence of crack, several authors [1–7] have
focused their attention on 1x and 2x components of rotor vibration and discussed the effect of crack on these
frequency components. Experience, however, has shown that even for shallow to moderate cracks, the
presence of 2x component of vibration cannot be considered as a reliable indicator of the presence of a crack
in the rotor since there are several other mechanisms in rotor that generate second harmonic (2x) component.
Although the crack breathing is responsible for the presence of higher harmonic component (3x) in the
response, its amplitude is very small. The presence of higher harmonics cannot conclusively single out
the crack as a fault in the rotor as there are several other mechanisms in the rotor bearing system that generate
the higher harmonics.
ee front matter r 2007 Elsevier Ltd. All rights reserved.

v.2007.03.070

ess: akdarpe@mech.iitd.ernet.in.

www.elsevier.com/locate/jsvi
dx.doi.org/10.1016/j.jsv.2007.03.070
mailto:akdarpe@mech.iitd.ernet.in


ARTICLE IN PRESS

Nomenclature

a depth of crack
R, D radius and diameter of the shaft, respec-

tively
A cross-sectional area
ā crack depth ratio (a/D) for crack
b half-width of the crack
l length of the shaft element containing

crack
x location of crack in the finite element
md mass of the disc
h height of the elemental strip
I area moment of inertia for the cross

section
E Young’s modulus
G modulus of rigidity
Pi nodal forces on the crack element
KIj stress intensity factor in Ith mode due to

load in jth direction
Ko overall stress intensity factor contribut-

ing to opening mode
t time in seconds
Mt magnitude of torsional excitation
½M�s; ½C�s; ½K �s mass, damping and stiffness ma-

trix of the rotor system in stationary
coordinate system

½K �r stiffness matrix of the rotor system in
rotating coordinate system

kij element of the rotor system stiffness matrix
fqgs rotor response in stationary coordinate

system
fqgr rotor response in rotating coordinate

system
ff gs forces on the rotor in stationary coordi-

nate system
[T] transformation matrix for the finite ele-

ment
[Gf] flexibility matrix of the crack element
[K]c stiffness matrix of the crack finite ele-

ment
Ca,b wavelet coefficient

Greek symbols

a crack depth for the elemental strip
as shear coefficient of the cross section
b location of elemental strip along y direction
e eccentricity of mass of disc from its

geometric centre
j angle of rotation of shaft
jc cumulative angle of rotation of shaft

(total angle turned)
o rotational speed in rad/s
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Alternative to the detection of cracks using higher harmonic components in bending vibration, another
detection methodology explored the effect of coupling between lateral, axial and torsional vibrations caused
by the presence of crack in a rotor. Papadopoulos and Dimarogonas [8,9] first proposed this effect as a
useful and more reliable source for the detection of cracks. The presence of bending vibration frequencies in
torsional spectra had been cited as potential crack indicators. Muszynska et al. [10] analysed torsional/lateral
cross-coupled vibration response. Ostachowicz and Krawczuk [11] analysed coupled torsional and bending
vibrations of a rotor with an open crack using finite element model. They applied an external torsional
moment to the rotor and found the effect on lateral vibrations due to coupling effect of crack. Papadopoulos
and Dimarogonas [12] studied coupling of lateral and longitudinal vibrations and have proposed the
coexistence of lateral and longitudinal vibration frequencies in the same spectrum as an unambiguous
crack indicator. Papadopoulos and Dimarogonas [13] have studied the stability of cracked shaft in coupled
vibration mode. The effect of closing crack was taken into account by representing variation in stiffness in the
form of a truncated cosine series. A case study on 300MW steam turbine, wherein the lateral vibration
spectrum showed subharmonics of fundamental longitudinal natural frequency was reported. Darpe et al.
[14,15] and Collins et al. [16] studied the detection of cracks using axial impulses to a rotating cracked shaft.
They reported the presence of combination harmonics in the lateral vibration spectrum. Gounaris and
Papadopoulos [17] investigated coupled vibration response between bending and longitudinal vibration by
applying lateral excitation and measuring longitudinal vibrations on a rotating shaft with open crack
assumptions.

Although [14–16] were perhaps the only studies on coupled vibrations of cracked rotors with
breathing crack model, most of the previous reported work focused on open crack model. The open crack
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model in early studies served the purpose of reducing the stiffness of the rotor to account for the effect of
the crack. However, to represent the actual breathing behaviour of the cracked rotor, change in the
stiffness due to rotation of the rotor under gravity must be appropriately modelled. The crack breathing is a
significant source of several nonlinear phenomena that cannot be revealed through the open crack model.
Recently, this fact has been explored extensively by Darpe et al. [18]. They studied the effect of using
exact breathing model for rotating shaft and investigated the coupling between all modes of vibration for
cracked rotor. They proposed several new crack indicators and showed that these indicators are sensitive to
crack depth.

Using Alternate Frequency/Time Domain (AFT) and path following method, Sinou and Lees investi-
gated the change of natural frequencies, harmonic components and evolution of orbital pattern of the cracked
rotor at half the critical speed [19]. Recently, model-based identification of crack has also been attempted
[20,21].

In the recent past several researchers have applied the wavelet transforms (WTs) for analysis of
dynamic signals of the variety of mechanical systems to detect faults such as crack, bearing defects, rotor rub,
etc. Adewusi and Al-Bedoor [22] applied WT to experimental signal of propagating transverse crack to
track the growth of important harmonic components of the rotor speed. Zou and Chen [23] made a
comparative study on time–frequency feature of transient response of cracked rotor by Wigner–Ville
distribution and WT. Wan et al. [24] carried out vibration analysis of cracked rotor sliding bearing
system with rotor-stator rubbing by harmonic WT. Zou et al. [25] analysed the torsional vibrations of a
rotor with transverse crack using switching crack model and time–frequency features of torsional vibrations of
the rotor are presented using WT. Prabhakar et al. [26] investigated the use of continuous wavelet trans-
forms (CWTs) for crack detection and monitoring in a cracked rotor system during its transient passage
through critical speed. In none of the above studies on application of WT to crack detection, an unambi
guous detection strategy of crack with certainty could be proposed. The major problem, of distinguishing the
cracked rotor response from that of the nonlinear response generated by other similar faults, still remains
unsolved.

In this paper, the breathing crack model is used to investigate a novel use of transient external
torsional excitation for crack detection. The torsional excitation is applied at specific angular position
of the rotating shaft so that the periodic opening and closing of the crack is exploited to generate
distinguishing response characteristics that is typical to the cracked rotor and cannot be expected in
case of other rotor faults. The proposed crack detection strategy uses the coupling of vibrations of
cracked rotor and breathing behaviour of crack. The proposed detection strategy is more reliable and
unambiguous.

In this work, finite element model of a simple single disc rotor is considered. The rotor is modelled with
Timoshenko beam elements and a rotor segment containing a transverse surface crack at centre of the span is
modelled with a Timoshenko beam element with modified stiffness matrix derived in Ref. [18]. The modified
stiffness matrix takes into account all the coupling phenomena that exists in a cracked rotor, i.e., bending-
longitudinal, bending-torsion, longitudinal-torsion. The FE model of the rotor with six degrees of freedom per
node and modified stiffness matrix for cracked region is used to study lateral vibration response of the rotor
subjected to transient torsional excitation.
2. Finite element model and breathing behaviour of the cracked rotor

A rotor bearing system as shown in Fig. 1c is modelled as an assemblage of 14 finite elements of which one
element is a modified Timoshenko Beam element while the others are standard Timoshenko beam element.
Consider a rotor segment containing a single transverse surface crack. A beam finite element containing a
transverse surface crack of depth a as shown in Fig. 1. The modified stiffness matrix for Timoshenko beam
element accounting for the additional strain energy due to the presence of crack is derived in Ref. [18] and is
given as

½K �c ¼ ½T �½Gf �
�1½T �T, (1)
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Fig. 1. Shaft finite element: (a) the element showing forces acting and coordinate system; (b) crack cross section; (c) a simple rotor and its

finite element model.

A.K. Darpe / Journal of Sound and Vibration 305 (2007) 151–171154
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where the transformation matrix [T] is given by

½T �T ¼

1 0 0 0 0 0 �1 0 0 0 0 0

0 1 0 0 0 0 0 �1 0 0 0 l

0 0 1 0 0 0 0 0 �1 0 �l 0

0 0 0 1 0 0 0 0 0 �1 0 0

0 0 0 0 1 0 0 0 0 0 �1 0

0 0 0 0 0 1 0 0 0 0 0 �1

2
666666664

3
777777775

and the flexibility matrix [Gf] for the crack element is given by

Gf ¼

g11 g12 g13 g14 g15 g16

g21 g22 g23 g24 g25 g26

g31 g32 g33 g34 g35 g36

g41 g42 g43 g44 g45 g46

g51 g52 g53 g54 g55 g56

g61 g62 g63 g64 g65 g66

2
6666666664

3
7777777775
. (2)

In the above matrix, the flexibility coefficients are as under [18]

g11 ¼
l

AE
þ

Z
A

2aF2
1

pER4
dA; g22 ¼

asl

GA
þ

l3

3EI

� �
þ

Z
A

2k2aF2
II

pER4
þ

8x2h2aF2
2

pER8

� �
dA,

g33 ¼
asl

GA
þ

l3

3EI

� �
þ

Z
A

2mk2aF 2
III

pER4
þ

32x2b2aF 2
1

pER8

� �
dA,

g44 ¼
l

GI0
þ

Z
A

8b2aF2
II

pER8
þ

2mh2aF 2
III

pER8

� �
dA; g55 ¼

l

EI
þ

Z
A

32b2aF 2
1

pER8
dA,

g66 ¼
l

EI
þ

Z
A

8h2aF2
2

pER8
dA; g12 ¼ g21 ¼

Z
A

4xhaF1F 2

pER6
dA; g13 ¼ g31 ¼

Z
A

8xbaF 2
1

pER6
dA,

g15 ¼ g51 ¼

Z
A

8baF2
1

pER6
dA; g16 ¼ g61 ¼ �

Z
A

4haF 1F2

pER6
dA; g23 ¼ g32 ¼

Z
A

16x2hbaF 1F 2

pER8
dA,

g24 ¼ g42 ¼

Z
A

4kabF2
II

pER6
dA; g34 ¼ g43 ¼

Z
A

2mkhaF2
III

pER6
dA; g25 ¼ g52 ¼

Z
A

16xhbaF1F 2

pER8
dA,

g35 ¼ g53 ¼
l2

2EI
þ

Z
A

32xb2aF2
1

pER8
dA; g26 ¼ g62 ¼ �

l2

2EI
�

Z
A

8xh2aF 2
2

pER8
dA,

g36 ¼ g63 ¼ �

Z
A

16xhbaF 1F 2

pER8
dA; g56 ¼ g65 ¼ �

Z
A

16hbaF1F2

pER8
dA. (3)

In above equation, m ¼ 1+n, where n is Poisson’s ratio and F1, F2 and FIII are functions as defined in
Ref. [18]. Some flexibility coefficients such as g14, g41, g45, etc. are zero [18].

When the rotor is operating at a steady-state speed far away from critical speed and without any transient
excitation, the breathing of the crack can be approximated either by sinusoidal stiffness variation or by
stepwise stiffness fluctuation. However, a truly breathing behaviour can be represented by taking into account
the gradual opening and closing of the crack using the sign of stress intensity factor at the crack edge at each
instant and then finding the amount of crack opening and hence the stiffness. In this way, apart from getting
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a more accurate estimation of stiffness and more realistic representation of breathing, the model would be
adaptable for all speed ranges and all type of excitations, steady as well as transient.

For accounting for the breathing of crack, the stress intensity factor (SIF) at all locations on the crack edge
is estimated. SIF is a measure of the stress-field intensity (stress state) near the tip of an ideal crack in a linear-
elastic solid when the crack surfaces are displaced in standard mode of displacement. The negative SIF at any
position along the crack edge indicates compressive stress and hence a closed state of crack; while the positive
SIF indicates tensile stress and open state of crack. Once the open and closed portion of crack edge is
estimated, the integration limits for the evaluation of the flexibility coefficients using Eq. (3) are decided
(the integration limit for crack width must be for the open length of crack edge). The integration limits decides
the value of flexibility coefficient and hence the stiffness value.

The calculation of stiffness of cracked element and the response estimation are interdependent. This is
because the response is dependent on the stiffness values used in the equation of motion and stiffness values
are estimated from the rotor response using the sign of SIF values as elaborated in following paragraphs. The
equation of motion for the rotor bearing system in stationary coordinates is

½M�sf €qgs þ ½C�sf _qgs þ ½K �sfqgs ¼ ff gs, (4)

where, [M]s, [C]s and [K]s are mass, damping and stiffness matrices for the rotor system in stationary
coordinate system. Of these, only stiffness matrix is constantly updated, usually after every degree of rotation,
as it is assumed response dependent. The mass and damping matrices are assumed constant. Proportional
damping matrix is assumed here with ½C�s ¼ ad ½Kuc� þ bd ½M�, where the constants ad and bd are assumed equal
to 0.8132 and 1.3623e�5, respectively. These constants are evaluated based on the assumption of modal
damping ratios of 0.005 and 0.01 in the first two modes of the uncracked rotor system. [Kuc] is the stiffness
matrix without crack. The force vector {f}s contains gravity and unbalance excitation forces. When applied,
torsional excitation terms also appear in the force vector.

The solution scheme for the estimation of response of the cracked rotor is as follows. Using an initial
assumed response vector {q}s and stiffness matrix [K]s, Eq. (4) is integrated following the Newmark method of
direct numerical integration. The integration parameters ai ¼ 0.25 and di ¼ 0.5 are used to estimate the
response of the rotor. The integration time step Dt is assumed to be 1/50th of the time required for a degree of
rotation, which even for a slow speed of 22 rad/s is sufficiently small (1.5867e�5 s). Finer time step has not
shown any influence on the response. The integration is carried out for time equal to a degree of rotation
during which stiffness matrix in rotor fixed coordinate is assumed constant. Even when the stiffness is changed
after every 1/5th of a degree of rotation the resultant response is found to be the same. After each degree of
rotation the new response vector {q}s obtained from the integration of Eq. (4) is used to find the response in
rotor fixed coordinates {q}r using appropriate coordinate transformation. The nodal forces [P] are then
calculated as

½P� ¼ ½K �rfqgr. (5)

The nodal forces are used to evaluate SIFs as follows [18]:

KI1 ¼
P1

pR2

ffiffiffiffiffiffi
pa
p

F1ða=hÞ; KI5 ¼
4ðP5 þ P3xÞb

pR4

ffiffiffiffiffiffi
pa
p

F1ða=hÞ; KI6 ¼
2ðP2x� P6Þh

pR4

ffiffiffiffiffiffi
pa
p

F2ða=hÞ, (6)

where, Pi (i ¼ 1–6) are nodal forces as shown in Fig. 1 and the functions F1 and F2 are given by

F 1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a0

pa
tan

pa
2a0

� �r
0:752þ 2:02ða=a0Þ þ 0:37½1� sinðpa=2a0Þ�3

cosðpa=2a0Þ
,

F2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a0

pa
tan

pa
2a0

� �r
0:923þ 0:199½1� sinðpa=2a0Þ�4

cosðpa=2a0Þ
.

Overall value of SIF (K0) at 50 equally spaced points along the crack edge is evaluated using the following
relation:

K0 ¼ KI1 þ KI5 þ KI6. (7)
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The SIFs KI1, KI5 and KI6 only are accounted for in Eq. (7) as they are responsible for opening mode crack
displacement. The position along the crack edge where SIF changes its sign is the location of line dividing open
and closed area of crack and indirectly indicates the integration limits for Eq. (3). As mentioned earlier, Eq. (3)
is to be integrated only for the open area of crack. It may also be noted that the response {q} estimated using
integration of Eq. (4) decide the nodal forces (through Eq. (5)) and hence the values of SIFs given by Eq. (6).
The sign of SIFs in turn decide integration limits for flexibility expressions (Eq. (3)) and hence stiffness of the
rotor; the value of stiffness decides the response of the rotor. Thus the rotor response and rotor stiffness in the
equations of motion are interdependent.
3. Response of the cracked rotor to transient torsional excitation

To study the coupled bending–torsional vibrations of a cracked rotor, a simply supported rotor with a
single centrally situated disc of mass 1 kg is considered. A single transverse surface crack is assumed just
adjacent to the central disc. The total rotor span is divided into 14 elements of equal length (Fig. 1c). A crack
element that has stiffness properties as described in Section 2, is used to represent the crack. Rest of the rotor
is modelled with Timoshenko beam elements with six degrees of freedom per node [27]. To start with,
unbalance response of an uncracked rotor with and without torsional excitation is estimated. The response is
then compared with that of a cracked rotor. The distinguishing features of the response of cracked rotor from
the point of view of crack diagnosis are discussed. Since the breathing of crack causes a continuous response
dependent change in the stiffness matrix of the crack element, the Newmark method of direct numerical
integration is used to estimate the response. The unbalance eccentricity of 1.6e�5m is assumed. The rotor
rotates at 22 rad/s, which is approximately 1/10th of bending critical speed.

The response as well as the stiffness data for the cracked rotor is stored at every degree of rotation. Fig. 2
shows the variation of direct stiffness for the rotor during a rotation. It shows a reduction of the stiffness
of the rotor as the cracked area opens and closes. However, the crack is largely closed from j ¼ �401
(i.e., j ¼ 3201) to j ¼ 401 and is open from j ¼ 1401 to 2201. Thus, the change in stiffness is not continuous
but nonlinear.

Fig. 3 shows the variation of cross-coupled stiffness coefficients relevant for the study of coupled
torsional and lateral vibration for the cracked rotor. It may be noted that during the period when the crack is
open (j ¼ 140–2201) the cross-coupled stiffness involving coupling of torsional mode and shear in direction 2
(k24) is zero whereas the other cross-coupled stiffness involving coupling of torsional mode and shear in
direction 3 (k34) is maximum. It shows that when the crack is fully open the torsion is coupled to the shear in
direction 3 but not coupled to the shear in direction 2. The value of the cross-coupled stiffness k24 is maximum
when the crack is half-closed–half-open (jE901) and is zero when fully open (jE1801) or fully closed
(jE01). Also the variation of cross-coupled stiffness k35 and k26 indicates that the shear deflections in
direction 2 and 3 are coupled to the bending mode deflection (direction 5 and 6, respectively). Although the
torsion and bending are not directly coupled, the torsion is coupled to shear in the cracked rotor and the shear
in turn is coupled to the bending in the Timoshenko beam element. The torsion–shear coupling exists due to
the crack; whereas the shear–bending coupling exists even without the crack. Breathing of the crack only
fluctuate the mean value of the cross-coupled stiffness k26 (from 51110 to 49850) and k35 (from �51110 to
�49830) as observed in the figure. Thus unless the crack exists in the rotor, the torsion does not get coupled
to the bending vibration. When the crack is partially open, i.e., say from j ¼ 401 to 1401 and from j ¼ 2201 to
3201, both k35 and k26 being non-zero, the torsion is coupled to bending. When the crack is fully open
the torsion is coupled to shear only in direction 3 and in turn to the bending in direction 5. When the crack is
fully closed (j ¼ 320–3601 and j ¼ 0–401) there is no coupling between torsion and bending as both k34 and
k24 are zero.

The fact that the coupling exists only partly during the rotation of the cracked shaft is the central idea
behind the timing of the transient torsional exciation applied to the cracked shaft. It has already been
established that when the torsional harmonic excitation is applied, due to the coupling of vibration in case of
cracked shaft, the bending vibration spectrum exhibits the presence of torsional excitation frequency [18].
However, sustained harmonic torsional excitation as used in Ref. [18] is required that may not always be
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Fig. 2. Variation of direct stiffness coefficients for the cracked rotor (ā ¼ 0:2).
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desirable in practice. In the present work, the torsional excitation is applied to a rotating shaft for only a short
duration. By applying it when the crack is open and then when it is closed, the response in the two cases is
expected to be different because of the presence or absence of the coupling mechanism.

Fig. 4 shows the unbalance response (without torsional excitation) of the uncracked rotor rotating at 22 rad/
s. The response is obviously harmonic with rotational speed with same amplitudes in vertical and horizontal
directions. In case of the uncracked rotor there is no response in the torsional or axial direction due to the
absence of any explicit axial or torsional excitation. Under the similar unbalance excitation conditions, Fig. 5
shows response of the cracked rotor with crack depth ratio of ā ¼ 0:2. The cracked rotor exhibits higher
harmonic components in the lateral vibration spectrum (Figs. 5e and f) that are well established in the
literature. It also shows the presence of harmonics (1x, 2x, 4x) in the response of axial and torsional vibration;
even though no explicit axial or torsional excitation is applied (Figs. 5g and h). The response in these two
modes is due to coupling of lateral, torsional and longitudinal directions.

The torsional excitation is now applied to the cracked rotor with depth ratio of ā ¼ 0:2 rotating at 22 rad/s.
The torsional excitation Te ¼Mt sin(221t) at frequency of 221 rad/s is applied for a very short duration of
0.02857 s (equal to period of one cycle). The frequency 221 rad/s is the natural frequency of bending vibrations
of the rotor. The exact timing of the application of transient torsional excitation during rotation of the cracked
rotor can be varied. Fig. 6 shows the response of the cracked rotor (ā ¼ 0:2) when the transient torsional
excitation is applied when rotor is oriented at j ¼ 01.
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Fig. 3. Variation of cross-coupled stiffness coefficients (ā ¼ 0:2).

Fig. 4. Unbalance response of an uncracked rotor (o ¼ 22 rad/s).
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The transient torsional excitation is evident from the torsional vibration signal in Fig. 6d at the start of 5th
rotation (jc ¼ 14401). The torsional excitation causes a broadband excitation as seen in the spectrum of the
torsional vibration signal (Fig. 6h). Although a transient torsional excitation was applied, the time domain
signal in bending and longitudinal vibrations (Figs. 6a–c) do not show any sign of transient disturbance to the
rotor after jc ¼ 14401. It may be mentioned that the excitation is applied when j ¼ 01 (angle turned during
the 5th cycle of rotation) and when cumulative angle turned by the rotor from the start is jc ¼ 14401.
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Fig. 5. Unbalance response of a cracked rotor (ā ¼ 0:2) without torsional excitation; o ¼ 22 rad/s.

Fig. 6. Unbalance response of a cracked rotor (ā ¼ 0:2) with transient torsional excitation applied at j ¼ 01 during 5th revolution

o ¼ 22 rad/s.

A.K. Darpe / Journal of Sound and Vibration 305 (2007) 151–171160
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Fig. 7. Unbalance response of a cracked rotor (ā ¼ 0:2) with transient torsional excitation applied at j ¼ 1801 during 5th revolution

o ¼ 22 rad/s.
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Fig. 7 shows response of the cracked rotor when the same transient torsional excitation is applied at
j ¼ 1801 during the 5th rotation (i.e., jc ¼ 16201). In this case, Figs. 7a and b show some noticeable changes
in the response for a very short duration for a couple of cycles or rotation (jc ¼ 1620–25201) after the
application of excitation. The changes in the form of high-frequency ripples are more perceptible in horizontal
vibrations. However, being for a very short duration, these vibrations are not properly represented in the
frequency domain signal of the vibrations shown in Figs. 7e and f. The spectra in Figs. 7e and f are almost
identical to those in Figs. 6e and f although the time domain signals are slightly different as the disturbance is
noticed in Figs. 7a and b.

When the torsional excitation is applied at the two different angular orientation of the rotor, Figs. 6 and 7
show that there is small and barely noticeable change in time domain signal. There is no change in the
longitudinal vibration response in either case. When the excitation is applied at j ¼ 1801, the crack is on the
underside (in the tensile region) and hence is fully open. A fully open crack allows cross coupling between
torsional and bending vibration and torsional excitation generates resonant bending vibrations that dies out
quickly and are not sustained beyond couple of cycles of rotation. In contrast, when the torsional excitation
applied at j ¼ 01, the crack is at the top side (in the compressive region) and hence is fully closed. In this case
the closed crack prevents cross coupling of torsional and bending vibrations; the transient torsional excitation
therefore fails to generate any additional response in the bending vibrations. It is also noticed from the
bending stiffness variation of the cracked rotor (Fig. 7i) that the application of excitation does not alter the
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periodic variation of the stiffness indicating an unchanged opening and closing (breathing) of the crack. The
observation is important as it ensures that a different quality of rotor response is generated depending upon
whether the excitation is applied at j ¼ 01 (crack closed) or at j ¼ 1801 (crack open).

Although a qualitatively different lateral vibration response is observed from Figs. 6a, b and 7a, b, the
response dies down quickly causing detection of such transient phenomenon a difficult task using traditional
signal analysis techniques such as frequency domain analysis (as evident from Figs. 7e and 7f). WTs are better
suited for such situations as they have time localization feature. Wavelet analysis provides an excellent access
to information that may be obscured by other techniques.

Over the past 15 years, WTs have become one of the fast-emerging and effective mathematical and signal
processing tools for its distinct advantage in analysing signals, particularly the transient ones. Using different
window functions through dilation and translation of a prototype function called mother wavelet, the WT
can provide multi-resolution (multi-scale) analysis of a signal. Hence it can extract time–frequency features
of a signal effectively, which are obscured in the traditional Fourier Transform analysis. The limitation of
Fourier Transform stem from the fact that the integral transform is applied on the signal globally and hence
in the process time localization of the spectral component is not highlighted and is lost if the transient
decays quickly.

To reveal the subtle but important information hidden in the transient vibration signal generated due to
transient torsional excitation, the response estimated using a nonlinear rotor dynamic analysis of the cracked
rotor is analysed using wavelet analysis. For vibration-based fault diagnosis, usually continuous WTs are
employed as the resolution is higher compared to the dyadic type of WT. A continuous type of wavelet
transform (CWT) that is applied to the signal f(t) can be defined as [28]

Cða; bÞ ¼
1ffiffiffi
a
p

Z 1
�1

f ðtÞc
t� b

a

� �
dt, (8)

where a is the dilation factor (scale), b is the translation factor and c(t) is the mother wavelet. 1/Oa is an
energy normalization term.

C(a,b) are refered to as wavelet coefficients which are obviously functions of dilation factor (a) and
translation factor (b) for a given mother wavelet. A typical 2D wavelet plot shows absolute values of these
coefficients as a function of the dilation and translation parameters. In the scalogram, the x-axis denotes the
time parameter whereas the y-axis indicates the scale that is having a reciprocal relationship with the
frequency. The colour intensity in the plot of these two parameters (in case of 2D scalogram) is proportional
to |Ca,b|

2, the absolute value of the wavelet coefficient, where as in case of the 3D wavelet scalogram, the height
along the z-axis is indicative of the absolute value of these coefficients. The scalogram indicates how energy in
the signal is distributed in the time–frequency plane. The wavelet 2D or 3D plot shown subsequently in this
section has scale (a) which is inversely related to the frequency value. A low scale value indicates a high
frequency, whereas the large scale is indicative of the low frequency [28]. Matlab’s (version 7) standard
functions are used in the analysis with Morlet mother wavelet. The Morlet wavelet is an exponentially
sinusoidal signal and the damped sinusoidal is the common response of many dynamical systems [29]. This
wavelet has a single frequency and constructed by modulating a sinusoidal function by a Gaussian function.
As mentioned earlier, scale is inversely related the frequency. Though there is no exact mathematical relation
for this, with approximation we may write [30]

F a ¼ F c=ðDsÞ, (9)

where Fa is the pseudo-frequency (for the scale value s), s the scale, Fc the central frequency of mother wavelet
in Hz and D the sampling period. Central frequency of the Morlet wavelet is 0.8125Hz. For most simulations
in this study the sampling period is 7.933e�4 s.

Fig. 8 shows the 3D and 2D wavelet scalogram of torsional vibration signal applied at j ¼ 1801
(jc ¼ 16201). It may be observed that the application of excitation is observed in the form of large wavelet
coefficient value after jc ¼ 16201 for a short duration thereafter. The large wavelet coefficients are observed
for a wide scale range (from scale value of 4–100 and beyond) indicating that wide band of frequencies are
excited at jc ¼ 16201.
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Fig. 8. Wavelet scalogram of the torsional vibration signal with excitation applied at jc ¼ 16201, i.e., j ¼ 1801 (a) 3D, (b) 2D plot.
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The broadband torsional excitation also excites the torsional resonance in the torsional vibration signal as
observed in Fig. 8b. The scale value of 8.2 maps to the frequency of 125Hz, which is the torsional natural
frequency of the rotor. At the scale value of 8.2 and jc ¼ 16201, a gradually decreasing coefficient value is
observed from the fading white patch between jc ¼ 16201 and 19001. This indicates a decaying torsional
vibration signal of torsional natural frequency.

The 3D scalogram of lateral vibration signal is shown in Fig. 9a. The x-axis represents the cumulative angle
turned by the rotor (jc), the y-axis represents the scale value and the z-axis represents the absolute values of
wavelet coefficients. The figure represents the wavelet scalogram of the time domain signal of lateral vibration
shown in Fig. 7b; wherein the excitation is applied at j ¼ 1801. The high-energy concentration is observed at
scale values of 293 and 146, which represents 1x and 2x harmonic frequency components for the rotational
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speed of 3.5Hz. The figure also shows a gradually decreasing ridge (shown encircled) from angle of rotation
jc ¼ 16201 at the scale value of 29 that corresponds to the bending natural frequency (35Hz) of the cracked
rotor. The same 3D plot for the scale value from 1 to 100 is shown in Fig. 9b, that clearly shows the bending
natural frequency vibration initiated during the 5th cycle of rotation after the application of excitation at
jc ¼ 16201.

As the scale value of interest is 29, the 2D wavelet map with reduced scale range (Fig. 9c) shows the
generation of bending resonance vibration initiated after jc ¼ 16201 and gradually decays. It may also be
observed that although the resonant bending vibrations are seen immediately following the application of
torsional excitation at jc ¼ 16201, the peak value of wavelet coefficient is observed at jc ¼ 16931 (indicated by
Absolute Values of Ca, b Coefficients for a = 1 6 11 16 21 ...

x 10
-6

x 10
-6

10

8

6

4

2

C
O

E
F

S

341
321

301
281

261
241

221
201

181161
141

121
101

81
61

41
21 01

scales a

360

720

1080

1440

1800

2160

2520

2880

3240

3600

Ang
le

 o
f r

ot
at

io
n

1080
1440

1800
2160

2520
2880

3240
3600

Angle of rotation

Absolute Values of Ca, b Coefficients for a = 1 2 3 4 5 ...

3

2.5

2

1.5

1

0.5

100
90

80

70
60

50
40

30
20

10
0

scales a

0
360

720

C
O

E
F

S
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dark brown patch) as it takes finite time to build up resonant vibration. The vibrations decay after jc ¼ 16931
as seen in Fig. 9d. The excitation is applied in torsional mode and resonant vibrations are observed in the
bending mode, indicating coupling of vibrations.

WT is now applied to the bending vibration signal shown in Fig. 6b. All other conditions being the same,
only timing of the excitation is different in this case. Instead of applying at j ¼ 1801 (jc ¼ 16201), the
excitation is applied at j ¼ 01 (jc ¼ 14401) when the crack is closed as observed from the stiffness variation in
Fig. 7i. Compared to Figs. 9b and d, Figs. 10a and b shows a complete absence of the ridge representing
transient resonant bending vibrations at scale value of 29 beyond jc ¼ 14401. The wavelet map thus can pick
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Fig. 10. Wavelet scalogram of the bending vibration signal with excitation applied at jc ¼ 14401, i.e., j ¼ 01 (a) 3D scalogram; scale

range 1–100, (b) 3D scalogram; scale range 1–40.
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up the transient part of the signal and locate the presence of these transients in a time–frequency
representation shown in Figs. 8 and 9. The exact timing of excitation and the frequency of the transient
disturbance can be judged easily from a single graph.

The crack opens and closes gradually and from Fig. 7i it is also clear that the crack remains closed and
remains open for a considerable period of time during a rotation. It is important to understand the effect of
applying excitation at other orientation of the cracked rotor instead of at j ¼ 01 or at j ¼ 1801. C

p
a;b, the

largest value of the Ca,b coefficient (hereafter called Peak absolute value of wavelet coefficient) for the scale
range of 1–40 and angle of rotation of 0–36001 are estimated for different angular position of cracked rotor
(j) at which torsional excitation is applied. Fig. 11 shows how the coefficient value varies with angular
position of excitation for horizontal and vertical vibration signal. As also noted from Figs. 9 and 10, Fig. 11
shows that there is a large difference between the peak absolute coefficient values C

p
a;b corresponding to j ¼ 01
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or at j ¼ 1801. At other values on either side of j ¼ 1801, the C
p
a;b drops as the excitation is applied in rotor

orientations where the crack is partially open and partially closed; the condition leads to a changed value of
cross coupled stiffness and changed cross coupling effects.

As mentioned earlier (Fig. 2), the crack starts opening at 401 and opens completely at 1401. It remains open
till 2201 and then gradually starts closing from 2201 till it closes completely at 3201. Thus, any excitation
applied between j ¼ 3201 and j ¼ 3601 and from j ¼ 01 to j ¼ 401 is not expected to give rise to a high value
of coefficient which is revealed from Fig. 11. For the case of excitation applied at j ¼ 2161 the coefficient
value is less compared to the case of j ¼ 1801 although the crack is fully open till j ¼ 2201. It may be noted
Fig. 11. Variation of peak absolute coefficient C
p
a;b corresponding to vertical and horizontal vibration of rotor with angular position of

excitation j.

Fig. 12. Sensitivity of C
p
a;b to magnitude of excitation Mt.
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that it takes some time for the resonance to build up and by that time the crack has already started to close
beyond j ¼ 2201. The coefficient value variation estimated for the rotor vibration signal in the vertical
direction (z) is somewhat different than the one for horizontal direction (y). In this case, if the excitation is
applied at the rotor angles at which the crack is partially open/partially closed (401ojo1401 and
2201ojo3201), the peak value of coefficient C

p
a;b in vibration in vertical direction is more than the one for

horizontal vibration. On the contrary, when the excitation is applied at angles corresponding to the fully open
or fully closed crack (01ojo401 and 3201ojo3601), the peak coefficient value C

p
a;b is less for vertical
Fig. 13. Sensitivity of C
p
a;b to crack depth ratio ā.

Fig. 14. Wavelet scalogram of the bending vibration signal with excitation applied at j ¼ 1801 for shallow crack (ā ¼ 0:05).
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vibration than the one for horizontal vibration. These distinctive directional features can also aid in the
detection of the presence of crack.

Fig. 12 shows the sensitivity of the C
p
a;b to the magnitude of torsional excitation Mt. The value of C

p
a;b

increases linearly with the magnitude of torsional excitation. The coefficient C
p
a;b corresponding to horizontal

vibrations is more sensitive to magnitude of torsional excitation compared to that of vertical vibrations.
Fig. 13 shows the sensitivity of the peak absolute value of the wavelet coefficient, C

p
a;b to the depth of crack

ā. The figure shows that the C
p
a;b is highly sensitive to the depth of the crack. The value of C

p
a;b estimated for

the rotor vibration signal in horizontal direction is much more sensitive than the one for vertical direction. At
such lower crack depths of 10% of rotor diameter, the C

p
a;b is highly sensitive to change in the crack depth. In

fact, even for a crack depth of 5% of rotor diameter (ā ¼ 0:05), the presence of transient bending vibration
could be easily observed as shown in Fig. 14. The substantial difference in the horizontal and vertical value of
Fig. 15. Wavelet scalogram of the bending vibration signal with excitation applied at j ¼ 1801 (ā ¼ 0:2) for different levels of damping;

(a) modal damping ratios of 0.005 and 0.01, (b) modal damping ratios of 0.05 and 0.08.
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C
p
a;b, at all the crack depths can also be used as additional information for crack detection; although the very

presence of transient resonant bending vibration due to transient torsional excitation is a strong indicator of
the presence of a crack. The presence or absence of such resonant bending vibration depending upon whether
angular position of excitation can be expected only for the crack as it is directly linked to the breathing of
crack. Most other faults do not exhibit this kind of behaviour. The use of WT makes it easier to detect the
transient nature of bending vibration and allows the user to apply torsional excitation at various angular
orientation to exploit the crack breathing for crack detection. The detection methodology discussed here also
avoids use of sustained application of external torsional excitation and only very short duration excitation is
required.

The effect of damping on the observed response is investigated for different levels of damping. Analysis with
change in the modal damping ratio value within a reasonable range (by increasing the first two modal damping
ratios from 0.005 and 0.01 to 0.01 and 0.05, respectively) resulted in no change in the response. Only when the
modal damping ratio was increased substantially from 0.005 and 0.01 to 0.05 and 0.08 (i.e., by about 10 times),
that some perceptible changes were observed in the response (Fig. 15). Even in this case, it may be noted that
the level damping does not significantly change the level of peak coefficient observed after the application of
transient torsional excitation. The peak coefficient drops from 3.22e�7 to 2.73e�7 when the damping is
increased by about 10 times as mentioned above.

The large increase in the damping level in the system has only influenced the damped exponential decay in
the transient response as observed from Fig. 15. However, even such a large change in the value of damping
does not alter the presence of transient vibration set-up in the system which is solely related to the presence of
coupling phenomenon (between torsional and lateral vibrations) for the cracked rotor. The use of WT for
detecting this coupling phenomenon owing to the presence of crack through identification of transient
vibration response exploits the very basic feature of WT in localizing the feature in time.
4. Conclusions

A novel way to detect fatigue transverse cracks in rotors is presented. A detection methodology is
formulated that truly exploits the breathing phenomenon of the crack for its diagnosis. The coupling of
bending and torsional vibrations is the basis for the proposed methodology in general and the presence/
absence of such cross coupling terms at various orientation of crack in a rotor due to its opening and closing
under the influence of gravity, in particular. A transient torsional excitation is applied for a very short
duration at specific angular orientation of the rotor and its effect in the lateral vibrations is investigated. WTs
is used in revealing the transient features of the resonant bending vibrations, which are set up for a short
duration of time upon transient torsional excitation. The peak absolute value of wavelet coefficient is
significantly different depending upon whether the excitation is applied when the crack is open or when it
is closed. A typical variation of peak absolute coefficient value with angle at which excitation is applied is
obtained that is in conformity with the breathing pattern of the crack. The nonlinear breathing crack model is
used in the study that helps in understanding the exact breathing phenomenon. It also helps in utilizing the
breathing for timing the excitation and interpretation of results.

The sensitivity analysis is performed that shows that the peak absolute value of wavelet coefficient is
highly sensitive to the depth of crack and even a very shallow crack (5% of rotor diameter) can be detected.
The value of this coefficient for bending vibration in horizontal direction is highly sensitive to depth of
crack and hence can be used for early detection of crack in rotors. There is a distinct difference between
the value of the coefficient corresponding to the rotor response in horizontal and vertical directions, which
can be used as addition information for the crack diagnosis based on the proposed methodology. The use of
breathing phenomenon of crack, its subsequent effect on coupling of vibrations, capturing the transient
response in lateral vibrations due to transient torsional excitation using WT and using this presence or
absence of transient response by applying excitation at different angular orientation of crack during
rotation is indeed a novel approach to diagnose the crack. The fact that the rotor is not required to stop and
the detection process is applied for a rotating shaft makes the methodology more versatile, convenient and
unambiguous.
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